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A REMARK ON FULLNESS OF SOME GROUP MEASURE SPACE VON
NEUMANN ALGEBRAS
NARUTAKA OZAWA
Abstract. Recently C. Houdayer and Y. Isono have proved among other things that every biexact
group Γ has the property that for any non-singular strongly ergodic essentially free action Γy (X, µ)
on a standard measure space, the group measure space von Neumann algebra Γ ⋉ L∞(X) is full. In
this note, we prove the same property for a wider class of groups, notably including SL(3,Z). We
also prove that for any connected simple Lie group G with finite center, any lattice Γ ≤ G, and any
closed non-amenable subgroup H ≤ G, the non-singular action Γy G/H is strongly ergodic and the
von Neumann factor Γ ⋉ L∞(G/H) is full.
1. Introduction
Recall that a von Neumann factor N is said to be full ([Co]) if the central sequence algebra N ′∩Nω
is trivial for a non-principal ultrafilter ω. For more information on fullness, we refer the reader to
[AH, HI] and the references therein. Recently, C. Houdayer and Y. Isono ([HI]) have studied which
group has the property that the group measure space factor Γ⋉ L∞(X) is full for every non-singular
strongly ergodic essentially free action Γy (X,µ) on a standard measure space, and they have proved
among other things that biexact groups (e.g., hyperbolic groups) have this property. Recall that
a non-singular action Γ y (X,µ) on a probability space (in case µ is not a probability measure,
replace it with a probability measure in the same measure class) is said to be strongly ergodic if any
sequence (En)n of measurable subsets such that µ(En △ sEn) → 0 for every s ∈ Γ has to be trivial:
µ(En)(1 − µ(En)) → 0. Unless the action is strongly ergodic, the von Neumann algebra Γ⋉ L
∞(X, )
cannot be full. We note that in case the strongly ergodic action Γ y (X,µ) is probability measure
preserving, M. Choda ([Ch]) has already obtained in 1982 a rather satisfactory result that the factor
Γ ⋉ L∞(X) is full whenever Γ is non inner amenable. In this note, we combine Choda’s proof with
R. J. Zimmer’s notion of amenable action ([Zi]) and prove Houdayer and Isono’s property for a wider
class of groups, notably including SL(3,Z), which is not biexact ([Sa]). We also prove that for any
connected simple Lie group G with finite center, any lattice Γ ≤ G, and any closed non-amenable
subgroup H ≤ G, the non-singular action Γy G/H is strongly ergodic and the von Neumann algebra
Γ⋉ L∞(G/H) is full as long as it is a factor.
Acknowledgements. The author thanks Professor R. Tomatsu for bringing his attention to the
motivating problem about fullness of SL(n,Z) ⋉ L∞(Rn) and for providing him the first part of the
proof of Corollary 4. He also thanks Professor P. de la Harpe and Professor N. Monod for informing
him several years ago about Example 7, and thanks Professor A. Ioana and Professor J. Peterson for
communicating to the author Remark 13.
2. Groups with Houdayer and Isono’s property
We recall the notion of amenability in the sense of Zimmer and generalize it to a relative situation.
The definition below is different from the original, but is equivalent to it ([Zi, Proposition 4.1]). We
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also note that amenability of a non-singular action Γ y (X,µ) is equivalent to injectivity of the von
Neumann algebra Γ⋉ L∞(X) ([Zi, A-D]).
Definition 1. Let Γ be a discrete group and C be a non-empty family of its subgroups, and consider
the set K =
⊔
Λ∈C Γ/Λ on which Γ acts by translation. A non-singular action Γ y (X,µ) of Γ on a
standard measure space (X,µ) is said to be amenable (in the sense of Zimmer) if there is a Γ-equivariant
conditional expectation Φ from L∞(Γ×X) onto L∞(X), where Γ acts on Γ×X diagonally. (Recall that
Φ is called a conditional expectation if it is positive and satisfies Φ(1⊗ f) = f for every f ∈ L∞(X).)
We say Γ y (X,µ) is amenable relative to C if there is a Γ-equivariant conditional expectation from
L∞(K ×X) onto L∞(X), where Γ acts on K ×X diagonally.
Remark 2. We note that amenable actions on non-atomic measure spaces are never strongly ergodic
by the Connes–Feldman–Weiss theorem ([CFW], see also [Sch, Theorem 2.4]). We collect here some
simple observations. Amenability does not change when one replaces the measure µ with another
in the same measure class. By definition, amenability is same as amenability relative to {1}, where
1 is the trivial subgroup consisting of the neutral element e. Let Γ y (X,µ) and C be given. If
Γy (X,µ) is amenable, then it is amenable relative to C. The converse also holds true if the family C
consists entirely of amenable subgroups. If ℓ∞(
⊔
Λ∈C Γ/Λ) admits a Γ-invariant state, then the action
Γy (X,µ) is amenable relative to C. The converse also holds true if L∞(X) admits a Γ-invariant state
(e.g., if the action is probability measure preserving). Let K be a set on which Γ acts. Then, there
is a Γ-equivariant conditional expectation from L∞(K × X) onto L∞(X) if and only if Γ y (X,µ)
is amenable relative to the family {Γp : p ∈ K} of the stabilizer subgroups Γp = {s ∈ Γ : sp = p}.
We will be interested in the conjugation action of Γ on Γ. The stabilizer subgroup of the conjugation
action Γy Γ at t ∈ Γ is the centralizer subgroup CΓ(t) := {s ∈ Γ : st = ts}.
Theorem 3. Let Γ be a countable group, Ω ⊂ Γ be a conjugacy invariant subset, and CΩ = {CΓ(t) :
t ∈ Ω}. Let Γ y (X,µ) be a non-singular action of Γ on a standard measure space, which does not
have a non-null CΩ-relatively amenable component. Let (wn)n be a bounded sequence in Γ ⋉ L
∞(X)
such that wn − λ(s)wnλ(s)
∗ → 0 ultrastrongly for every s ∈ Γ, and expand them as wn =
∑
t λ(t)w
t
n.
Then, one has
∑
t∈Ω |w
t
n|
2 → 0 ultrastrongly in L∞(X).
Proof. We put s · f := λ(s)fλ(s)∗ for f ∈ L∞(X) and s ∈ Γ, or equivalently (s · f)(x) = f(s−1x). We
may assume that µ is a probability measure. Put htn := |w
t
n|
2 and C := supn ‖wn‖
2. Then htn’s are
non-negative functions such that 0 ≤
∑
t h
t
n ≤ C and
∑
t∈Γ
‖htn − s · h
s−1ts
n ‖L1(X)
≤ (
∑
t∈Γ
‖wtn − s · w
s−1ts
n ‖
2
L2(X))
1/2(
∑
t∈Γ
‖|wtn|+ |s · w
s−1ts
n |‖
2
L2(X))
1/2
≤ ‖(wn − λ(s)wnλ(s)
∗)(δe ⊗ 1X)‖ℓ2(Γ×X) · 2‖wn‖
→ 0
for every s ∈ Γ. It suffices to prove that if there are functions htn as above such that hn :=
∑
t∈Ω h
t
n
does not converge to zero, then a non-null CΩ-relatively amenable component exists. By compactness,
we may assume that ultraweak limit h := limn hn exists and after scaling that X0 := {x ∈ X : 1 ≤
h(x) ≤ 2} has positive measure. By passing to convex combinations, we may further assume that
hn → h ultrastrongly. Since Ω is conjugacy invariant, the function h is Γ-invariant and so is X0. We
consider the conditional expectations Φn from L
∞(Ω×X0) onto L
∞(X0) given by
Φn(f)(x) =
1
hn(x)
∑
t∈Ω
htn(x)f(t, x),
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and claim that it is approximately Γ-equivariant. (Let us not care the points x where hn(x) = 0.) Let
s ∈ Γ and f ∈ L∞(Ω×X0) with ‖f‖∞ ≤ 1 be given. Then one has
εn := µ({x ∈ X0 : |hn(x) − h(x)|+ |hn(s
−1x)− h(x)| ≥ 1/n})→ 0
(recall that h is Γ-invariant) and
‖Φn(s · f)− s · Φn(f)‖L1(X0)
≤
∫
X0
1
h(x)
∣∣∣∑
t∈Ω
htn(x)f(s
−1ts, s−1x)−
∑
t∈Ω
htn(s
−1x)f(t, s−1x)
∣∣∣ dµ(x) + 2εn + 2
n
≤
∫
X0
∑
t∈Ω
∣∣htn(x) − (s · hs−1tsn )(x)∣∣|f(s−1ts, s−1x)| dµ(x) + 2εn + 2n
→ 0.
This proves the claim. Hence any pointwise ultraweak limit of (Φn)n is a Γ-equivariant conditional
expectation and the action Γy (X0, µ|X0) is amenable relative to CΩ. 
The following Corollary gives a criterion of Γ for which every non-singular strongly ergodic essentially
free action Γy (X,µ) gives rise to a full factor Γ⋉L∞(X). The essential freeness assumption is only
used to assure Γ ⋉ L∞(X) (and perhaps Λ ⋉ L∞(X0) in the proof) is a factor and probably can be
greatly relaxed.
Corollary 4. Assume that Γ is a countable group which has a finite index subgroup Λ such that Λnac :=
{t ∈ Λ : CΛ(t) is not amenable} is finite. Then, for any non-singular strongly ergodic essentially free
action Γy (X,µ) on a standard measure space, the von Neumann factor Γ⋉ L∞(X) is full.
Proof. Let N = Γ ⋉ L∞(X) and M = Λ ⋉ L∞(X). Then, M ⊂ N is a finite index inclusion with
a canonical normal conditional expectation E from N onto M . We first observe that it suffices to
show that M ′ ∩Mω is finite-dimensional for a non-principal ultrafilter ω. (We refer the reader to [HI,
Section 2] for an account of the central sequence algebraM ′∩Mω .) Indeed, if it is so, then N ′∩Nω is
finite dimensional since the map Eω from N ′∩Nω into M ′∩Mω satisfies the Pimsner–Popa inequality
([PP]). Since N is a factor, this implies that N is full by [HR, Corollary 2.6].
Thus we are left to show that M is a direct sum of finitely many full factors (and hence M ′ ∩Mω
is finite-dimensional). For this, we note that if Λy (X0, µ0) is a strongly ergodic and essentially free
action, then the crossed product M0 := Λ⋉L
∞(X0, µ0) is a full factor. Indeed, by [HI, Lemma 5.1], if
M0 were not full, then there would be a unitary central sequence (wn)n inM0 such that
∑
t∈F |w
t
n|
2 → 0
ultrastrongly for every finite subset F ⊂ Λ. But then Theorem 3, applied to Ω = Λ \ Λnac (note that
we may assume that (X0, µ0) is non-atomic and thus Λ-action on it is non-amenable), implies that
1M0 =
∑
t∈Λ |w
t
n|
2 → 0, which is absurd. This proves M0 is a full factor. Therefore the proof of
Corollary is complete once we prove the following claim, which is probably known to experts.
Claim. The restriction Λ y (X,µ) of the strongly ergodic action of Γ to a finite index subgroup
Λ decomposes into finitely many ergodic components and each of the ergodic components is strongly
ergodic.
If Λ y (X,µ) is not a union of finitely many ergodic components, then for any ε > 0, there is a
Λ-invariant measurable subset E ⊂ X such that 0 < µ(E) < ε. Also, if there is a non-null ergodic
component X0 ⊂ X which is not strongly ergodic, then for any ε > 0, there is an asymptotically
Λ-invariant sequence (En)n of measurable subsets of X0 such that 0 < limn µ(En) < ε (see, e.g., the
proof of [JS, Lemma 2.3]). Therefore, to prove Claim, it suffices to show that there is ε > 0 such
that any asymptotically Λ-invariant sequence (En)n with infn µ(En) > 0 satisfies lim infn µ(En) ≥ ε.
Now, let {t0, . . . , td} be a system of representatives of the left cosets Γ/Λ, and take ε > 0 such that
µ(E) ≤ ε implies
∑
i µ(tiE) ≤ 1/2. Then for any asymptotically Λ-invariant sequence (En)n with
infn µ(En) > 0, the functions fn :=
∑
i 1tiEn satisfy ‖s · fn − fn‖L1(µ) → 0 for every s ∈ Γ, and so by
strong ergodicity, ‖fn −
∫
fn dµ‖L1(µ) → 0. This implies lim inf µ(En) ≥ ε and Claim is proved. 
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Example 5. If Γ is a torsion-free hyperbolic group or a torsion-free discrete subgroup of a simple Lie
group of rank one, then Γnac ⊂ {e}. Indeed, any non-trivial centralizer subgroup is elementary and
hence is abelian. More generally, if Γ is a group acting with finite quotient on a fine hyperbolic graph
K in such a way that every vertex stabilizer is amenable and the neutral element is the only element
which fixes infinitely many points in the boundary ∂K of K, then Γnac ⊂ {e}. For the proof recall
that the Bowditch compactification ∆K := K ∪ ∂K is topologically amenable ([Oz2, Theorem 1]).
Hence any subgroup Λ ≤ Γ which admits a non-empty Λ-invariant finite subset of ∆K is amenable.
Let t ∈ Γ be such that CΓ(t) is non-amenable and denote by Fix(t) the t-fixed points of ∆K. Since
CΓ(t) has unbounded orbits in K, the closed CΓ(t)-invariant subset Fix(t) contains infinitely many
boundary points. By assumption t = e. This applies to a torsion-free relatively hyperbolic group and
an amalgamated free product Γ := Γ1∗ΛΓ2 of amenable groups Γi over a common malnormal subgroup
Λ.
Example 6. If Γ is a subgroup of SL(2, F ) for a field F , then Γnac ⊂ {±I}. Indeed, by considering
the Jordan normal form, it is not hard to see that the centralizer subgroup CSL(2,F )(g) of any element
g ∈ SL(2, F ) \ {±I} is abelian.
Example 7. If Λ is a subgroup of SL(3,Z) which contains no elements of order 2, then Λnac ⊂ {e}.
In particular, the finite-index subgroup Γ(3) = ker(SL(3,Z) → SL(3,Z/3Z)) satisfies Γ(3)nac = {e}.
For a proof, suppose that g ∈ SL(3,Z) has a non-abelian centralizer subgroup in SL(3,R). Then, g
must be diagonalizable in SL(3,R) and has eigenvalues (λ, λ, λ−2) for some λ ∈ C. Its characteristic
polynomial p(t) = t3 + at2 + bt − 1 has integer coefficients and satisfies 0 = 9p(λ) − (3λ + a)p′(λ) =
2(3b− a2)λ− (9+ ab). So, if 3b− a2 6= 0, then λ is rational. If 3b− a2 = 0, then 0 = 3p′(λ) = (3λ+ a)2
and λ is again rational. Hence in either case p(λ) = 0 implies λ ∈ {±1}. This proves g2 = I. Now,
suppose for a contradiction that there is an element g ∈ Γ(3) of order 2. Then, the largest integer m
such that g− I ∈ 3mM3(Z) is positive, but this is in contradiction with (g− I)
2 = −2(g− I). In fact it
is well-known that the finite index subgroups Γ(m) are torsion-free for all m ≥ 3. By Corollary 4, the
factor SL(3,Z)⋉ L∞(X) is full for every strongly ergodic essentially free action SL(3,Z)y (X,µ). It
is not clear if the same conclusion holds for SL(n ≥ 4,Z).
Example 8. In Corollary 4 one can replace the condition that Λnac is finite with existence of a
map ζ : Λ → Prob(Λ) such that limt→∞ ‖ζsts−1 − sζt‖ = 0 for every s ∈ Λ. (In fact the latter
condition is more general.) Indeed, if there is a unitary central sequence (wn)n in Λ⋉L
∞(X) such that∑
t∈F |w
t
n|
2 → 0 for every finite subset F ⊂ Λ, then the action is amenable since the maps Φn : L
∞(Λ×
X) → L∞(X) given by Φn(f)(x) =
∑
t,p |w
t
n(x)|
2ζt(p)f(p, x) are approximately Λ-equivariant. We
note that biexact groups satisfy the above property by Proposition 4.1 in [Oz1].
3. Actions of lattices on homogeneous spaces
In this section we consider the non-singular action Γ y G/H of a lattice Γ in a second countable
locally compact group G on a homogeneous space G/H . Here H ≤ G is a closed subgroup and G/H
is equipped with a G-quasi-invariant measure, which is unique up to equivalence. Generally speaking,
one can relate the action Γy G/H to the action Γ\Gx H (see [PV, Section 3]). For example, if one
is amenable, then so is the other ([PV, Remark 4.2]). The following is the relative version of this fact.
Lemma 9. Let Γy G/H be as above and assume that it is amenable relative to a non-empty family
C of subgroups of Γ. Then, there is an H-invariant state ψ on L∞(
⊔
Λ∈C Λ\G), where H acts on⊔
Λ∈C Λ\G diagonally from the right. Moreover, if there is a normal Γ-equivariant conditional expec-
tation from L∞(K ×G/H) onto L∞(G/H), where K =
⊔
Λ∈C Γ/Λ, then the H-invariant state ψ can
be taken normal.
Proof. Let Φ denote a Γ-equivariant conditional expectation from L∞(K×G/H) onto L∞(G/H). We
fix a lifting σ : K → Γ such that σ(p)Λ = p for p ∈ Γ/Λ ⊂ K and a measurable lifting τ : G/H → G.
FULLNESS OF SOME VON NEUMANN ALGEBRAS 5
The corresponding measure space isomorphisms and cocycles are denoted as follows:
θ : K ×G/H ×H → K ×G, θ(p, x, y) = (p, σ(p)−1τ(x)y);
θ′ : G→ G/H ×H, θ′(g) = (gH, τ(gH)−1g);
α : Γ×K ∋ (s, p) 7→ σ(sp)−1sσ(p) ∈ Λ for s ∈ Γ and p ∈ Γ/Λ ⊂ K;
β : Γ×G/H ∋ (s, x) 7→ τ(sx)−1sτ(x) ∈ H.
These maps satisfy the following relations. Let s · (p, x, y) · h := (sp, sx, β(s, x)yh) for (p, x, y) ∈
K ×G/H ×H and s · (p, g) · h := (sp, α(s, p)gh) for (p, g) ∈ K ×G. Then, one has θ(s · (p, x, y) · h) =
s·θ(p, x, y)·h. Let s·(x, y)·h := (sx, β(s, x)yh) for (x, y) ∈ G/H×H . Then, one has θ′(sgh) = s·θ′(g)·h.
We claim that the conditional expectation Φ⊗ idL∞(H) from L
∞(K ×G/H ×H) onto L∞(G/H ×
H) satisfies (Φ ⊗ idL∞(H))(s · f · h) = s · (Φ ⊗ idL∞(H))(f) · h for every s ∈ Γ and h ∈ H , where
(s · f · h)(p, x, y) := f(s−1 · (p, x, y) · h−1), etc. Note that even though Φ may not be normal, the map
Φ⊗ idL∞(H) is well-defined via the defining relation
(ξ ⊗ η)((Φ ⊗ idL∞(H))(f)) = ξ(Φ((id ⊗ η)(f))) for (ξ, η) ∈ L
∞(G/H)∗ × L
∞(H)∗.
(Of course L∞(X,µ)∗ = L
1(X,µ) under the duality coupling 〈f, ξ〉 =
∫
fξ dµ, but we often regard
ξ ∈ L1(X,µ) as an ultraweakly continuous linear functional on L∞(X).) We observe that for any
countable partition (qi)i of unity in L
∞(G/H) and any bounded sequence (fi)i in L
∞(K ×G/H), one
has Φ(
∑
i fi(1K⊗qi)) =
∑
iΦ(fi)qi. Indeed, this follows from the fact that for any state ξ ∈ L
∞(G/H)∗
one has
|ξ(Φ(
∑
i≥n
fi(1K ⊗ qi)))| ≤ (ξ ◦ Φ)(
∣∣∑
i≥n
fi(1K ⊗ qi)
∣∣)
≤ (ξ ◦ Φ)((sup
i
‖fi‖)
∑
i≥n
1K ⊗ qi)
= (sup
i
‖fi‖)ξ(
∑
i≥n
qi)→ 0.
Now, let s ∈ Γ be given and take η ∈ L1(H, ν) and ε > 0 arbitrary. Here ν denotes the left Haar measure
ofH . Let (Yi)i be a countable measurable partition ofH together with hi ∈ Yi such that ‖hη−hiη‖1 < ε
for h ∈ Yi, and put Xi = {x ∈ G/H : β(s
−1, x) ∈ Hi}. Then, for every f ∈ L
∞(K ×G/H ×H) with
‖f‖ ≤ 1, one has
‖(idL∞(K×G/H) ⊗ η)
(
s · f −
∑
i
((s⊗ h−1i )f)1K×Xi×H
)
‖L∞(K×G/H) < ε,
where s acts on L∞(K ×G/H) diagonally. Indeed, for every i and a.e. (p, x) ∈ K ×Xi one has
((id ⊗ η)(s · f))(p, x) =
∫
H
f(s−1p, s−1x, β(s−1, x)y)η(y) dν(y)
≈ε
∫
H
f(s−1p, s−1x, hiy)η(y) dν(y)
= (id⊗ η)((s⊗ h−1i )f)(p, x).
Similarly, for every g ∈ L∞(G/H ×H) with ‖g‖ ≤ 1 one has
‖(idL∞(G/H) ⊗ η)
(
s · g −
∑
i
((s⊗ h−1i )g)1Xi×H
)
‖L∞(G/H) < ε.
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Hence
(id⊗ η)((Φ⊗ id)(s · f)) = Φ((id⊗ η)(s · f))
≈ε Φ((id⊗ η)(
∑
i
((s⊗ h−1i )f)1K×Xi×H))
=
∑
i
Φ((id⊗ η)((s⊗ h−1i )f))1Xi
=
∑
i
(id⊗ η)((s⊗ h−1i )((Φ⊗ id)(f)))1Xi
≈ε (id⊗ η)(s · (Φ⊗ id)(f)).
Since η and ε > 0 were arbitrary, one obtains (Φ⊗ id)(s · f) = s · (Φ⊗ id)(f). That (Φ⊗ id)(f · h) =
(Φ⊗ id)(f) · h for h ∈ H is obvious.
We define Ψ: L∞(K ×G) → L∞(G) by Ψ = θ′∗ ◦ (Φ ⊗ idL∞(H)) ◦ θ∗. It may not be a conditional
expectation, but it is a unital positive map, which is (Γ×H)-equivariant:
Ψ(s · f · h) = sΨ(f)h for s ∈ Γ, h ∈ H , and f ∈ L∞(K ×G),
where (sΨ(f)h)(g) = Ψ(f)(s−1gh−1) for g ∈ G. We denote by ι the embedding of L∞(
⊔
Λ∈C Λ\G)
into L∞(K × G) given by ι(f)(p, g) = f(Λg) for Λ ∈ C, p ∈ Γ/Λ ⊂ K, and g ∈ G. The map ι is
(Γ×H)-equivariant, where Γ acts trivially on
⊔
Λ∈C Λ\G and H acts on it from the right. Thus Ψ◦ ι is
an H-equivariant unital positive map from L∞(
⊔
Λ∈C Λ\G) into L
∞(G)Γ ∼= L∞(Γ\G). An H-invariant
state ψ can be obtained by composing Ψ ◦ ι with the G-invariant probability measure on Γ\G. If Φ is
normal, then so is ψ. 
Lemma 10 (cf. Proposition G in [Io]). Let G be a second countable locally compact group, Γ ≤ G be
a lattice, and H ≤ G be a closed subgroup such that the action Γ\G x H is strongly ergodic. Then
Γy G/H is strongly ergodic.
Proof. We first recall that a non-singular action H y (Y, ν) of a locally compact group H on a
probability space (Y, ν) is said to be strongly ergodic if any sequence (En)n of measurable subsets of
Y that is approximately H-invariant, i.e., ν(En △ hEn) → 0 uniformly on compact subsets of H , is
trivial in the sense that ν(En)(1 − ν(En))→ 0.
Now, take a Borel lifing τ : Γ\G → G and let Y = τ(Γ\G) be the corresponding Γ-fundamental
domain. Since G is σ-compact, we may assume that τ(L) is relatively compact for every compact
subset L ⊂ Γ\G. The Haar measure λG of G is normalized so that λG(Y ) = 1. Then, the formula
λ(ΓA) = λG(ΓA ∩ Y ) for measurable subsets A ⊂ G defines the G-invariant probability measure λ
on Γ\G. Assume that there is a non-trivial approximately Γ-invariant sequence (En)n of measurable
subsets of G/H . We will prove that (Γ(EnH∩Y ))n is a non-trivial approximatelyH-invariant sequence
of measurable subsets of Γ\G.
Recall that L∞(G, λG) ∼= L
∞(G/H × H,µ ⊗ ν), where µ and ν are quasi-invariant probability
measures. Since (µ ⊗ ν)(sEnH △ EnH) = µ(sEn △ En) → 0 for every s ∈ Γ, one has λG((sEnH △
EnH) ∩ Z) → 0 for any Z with λG(Z) < ∞. Thus, if λG(EnH ∩ Y ) → 0, then λG(EnH ∩ sY ) ≈
λG(sEnH ∩ sY ) = λG(EnH ∩ Y ) → 0 for every s ∈ Γ, which means that µ(En) → 0. Therefore
(Γ(EnH ∩ Y ))n is non-trivial if (En)n is non-trivial.
Let β : Γ\G × H ∋ (y, h) 7→ τ(y)hτ(yh)−1 ∈ Γ be the cocycle associated with τ that satisfies
τ(y)h = β(y, h)τ(yh) for y ∈ Γ\G and h ∈ H . Let a compact subset K ⊂ H and ε > 0 be given.
Take a compact subset L ⊂ Γ\G such that λ(L) > 1 − ε. Then, F := {β(y, h) : y ∈ L, h ∈ K}
is a finite subset of Γ, since it is relatively compact in G. Thus, if n is large enough, then one has
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λG((FEnH ∩ Y ) \ (EnH ∩ Y )) < ε. So, for every h ∈ K one has
λ(Γ(EnH ∩ Y )h \ Γ(EnH ∩ Y )) ≈ε λ(Γ(EnH ∩ τ(L))h \ Γ(EnH ∩ Y ))
≤ λG((FEnH ∩ Y ) \ (EnH ∩ Y ))
≈ε 0.
This means that (Γ(EnH ∩ Y ))n is approximately H-invariant. 
Theorem 11. Let G be a connected simple Lie group with finite center Z(G), Γ ≤ G be a lattice, and
H ≤ G be a closed non-amenable subgroup. Then, the action Γ y G/H is strongly ergodic, and if
Γ ∩ Z(G) ∩H = {e}, then Γ⋉ L∞(G/H) is a full factor.
Proof. Strong ergodicity of Γ y G/H follows from that of Γ\Gx H by Lemma 10. Since the latter
action is finite measure preserving, strong ergodicity follows if the unitary representation of H on
L20(Γ\G) does not weakly contain the trivial representation 1H ([CW, Sch]). By [BV, Proposition 4.1]
the latter holds true as long as H is non-amenable.
For the second assertion, we note that the assumption Γ∩Z(G)∩H = {e} is equivalent to that the
action Z(Γ)y G/H is free. Here we note that
Γ ∩ Z(G) = Z(Γ) = {t ∈ Γ : [Γ : CΓ(t)] <∞},
by the Borel density theorem (applied to the lattice CΓ(t)). Let C∞ denote the family of infinite index
subgroups of Γ and K :=
⊔
Λ∈C∞
Γ/Λ. To prove that Γ⋉L∞(G/H) is a factor, take a unitary central
element w, and expand it as w =
∑
t∈Γ λ(t)w
t. Since Z(Γ) y G/H is free, one has wt = 0 for all
t ∈ Z(Γ) except that we ∈ C1 (by ergodicity). If w 6= we, then by the proof of Theorem 3, there is
a normal Γ-equivariant conditional expectation from L∞(K × G/H) onto L∞(G/H). By Lemma 9,
this gives rise to a normal H-invariant state ψ on L∞(
⊔
Λ∈C∞
Λ\G), which in turn provides a non-zero
H-invariant vector in L2(
⊔
Λ∈C∞
Λ\G). But such a vector is also G-invariant by Moore’s ergodicity
theorem, in contradiction with the fact that Λ’s have infinite covolume in G.
Next, we prove that the factor Γ ⋉ L∞(G/H) is full. The case of a rank one Lie group is already
covered by Corollary 4 and Example 5 (note that the essential freeness assumption in Corollary 4 is only
used to assure factoriality of Γ⋉L∞(X) and Λ⋉L∞(X0), and thus can be dispensed with by the above
result). Thus we may assume that G has Kazhdan’s property (T). Then, by [Cow, Moo], the unitary
representation of H on
⊕
Λ∈C∞
L2(Λ\G) does not weakly contain 1H . (We note that we can avoid
the use of this heavy machinery if H has a non-compact subgroup with relative property (T).) This
means that L∞(
⊔
Λ∈C∞
Λ\G) does not admit an H-invariant state (see [Sch]), and hence by Lemma 9
the action Γy G/H is not amenable relative to C∞. Now, suppose for a contradiction that the factor
Γ ⋉ L∞(G/H) is not full and there is a unitary central sequence (wn)n in Γ ⋉ L
∞(G/H) such that∑
t∈Z(Γ) |w
t
n|
2 → 0 ([HI, Lemma 5.1]). Then, by Theorem 3, this would imply 1 =
∑
t∈Γ |w
t
n|
2 → 0,
which is absurd. 
Example 12. Consider the linear action of Γ := SL(n,Z) on Rn. Since the action extends to a measure
preserving and essentially transitive action of G := SL(n,R), it is isomorphic to the action Γy G/H ,
where H ∼= SL(n− 1,R)⋉Rn−1 is the stabilizer subgroup of Gy Rn at (1, 0, . . . , 0)T ∈ Rn. If n ≥ 3,
then H is non-amenable and SL(n,Z) ⋉ L∞(Rn) is a full factor by Theorem 11. (If n ≤ 2, then H
is amenable and so is the action Γ y Rn, see [PV, Remark 4.2].) Moreover, since SL(n,Z)-action is
measure preserving, SL(n,Z)⋉L∞(Rn) is a type II∞ factor with a continuous trace-scaling R
×
+-action,
coming from the diagonal R×+-action on R
n by multiplication. The corresponding crossed product is a
type III1 full factor that is isomorphic to SL(n,Z)⋉ L
∞(Sn−1), where SL(n,Z) acts naturally on the
sphere Sn−1 ∼= (Rn \ {0})/R×+ (which is also isomorphic to a homogeneous space of SL(n,R)). Indeed,
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since the R×+-action is smooth and commutes with the SL(n,Z)-action, one has natural isomorphisms
(SL(n,Z)⋉ L∞(Rn))⋊R×+
∼= SL(n,Z)⋉ (L∞(Sn−1 × R×+)⋊R
×
+)
∼= SL(n,Z)⋉ (L∞(Sn−1)⊗ B(L2(R×+)))
∼= (SL(n,Z) ⋉ L∞(Sn−1))⊗ B(L2(R×+)).
Remark 13. Adrian Ioana and Jesse Peterson kindly pointed out to the author that the action
Γy G/H as in Theorem 11 is essentially free, and moreover that for any connected Lie group G and a
closed subgroupH ≤ G with the normal core N :=
⋂
g∈G gHg
−1, the action G/N y G/H is essentially
free. Indeed, this follows from the fact that
⋂d+1
i=1 giHg
−1
i = N for a.e. (g1, . . . , gd+1) ∈ G
d+1, where
d = dimG. This fact ought to be well-known, but since we did not find a reference, we sketch a
proof here (see also [CP, 7.1]). Since G is a connected Lie group, for any closed subgroup K whose
connected component is not normal in G, one has dim(K ∩ gKg−1) < dimK for a.e. g ∈ G. It follows
that the connected component of
⋂d
i=1 giHg
−1
i is normal in G almost surely (note that zero-dimensional
subgroups are discrete and countable), and hence
⋂d+1
i=1 giHg
−1
i is normal in G almost surely.
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